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1 Introduction

Why are some firms persistently more productive than others? FEvidence reveals
substantial and persistent differences in productivity between plants or between firms
[e.g., Baily et al. (1992)]. The same evidence can be found in several countries [e.g.
Fox and Smeets (2010), Fukao and Kwon (2006)]. This indicates that the persistent
differences in productivity are universal. Taking the persistent heterogeneity be-
tween firms as given, researchers investigate how the reallocation of resources across
heterogeneous firms influences the aggregate economy [e.g., Melitz (2003) and Lentz
and Mortensen (2008)]. However, the reasons for the productivity differences remain
an open question and an unobserved firm-specific fixed effect explains large portions
of the productivity differences [e.g., Fox and Smeets (2010)].

Apparently, productivity is not the only variable that exhibits persistent differ-
ences. Evidence also shows that skill compositions and wage payments exhibit persis-
tent differences between firms [e.g., Haltiwanger et al. (2007)]. Moreover, persistent
differences in profits are pervasive [e.g., McGahan (1999)]. The coexistence of per-
sistent differences in these variables is not coincidental. Productive firms employ
skilled workers and pay high wages [e.g., Haltiwanger et al. (1999)]. In addition,
skills and the market value of a firm are positively correlated [Abowd et al. (2004)].
Evidence implies that the persistence of differences in productivity, skills, wages, and
profits may have the same source.

As suggested by Haltiwanger et al. (2007), the assignment model provides a
potential explanation for the coexistence of persistent differences in several variables.
If a quasi-fixed firm-specific resource and workers’ skills are complementary to each
other, a firm endowed with large resources is willing to pay high wages to attract
skilled workers. Such a firm achieves high productivity and earns large profits.

However, this seemingly plausible explanation does not provide a complete answer.
First, why do some firms succeed in investing and maintaining their specific resources
while others do not? Evidence shows that the pace of job creation and job destruction

is quite rapid and that idiosyncratic factors are the main source of the observed gross



job flows in the US economy [e.g., Davis and Haltiwanger (1999)]. This indicates
that firms always confront idiosyncratic changes that may destroy some firm-specific
resources. What is the mechanism that enables productive firms to maintain their
core resources and prevents unproductive firms from investing these resources in a
changing environment?

Second, can the assignment model provide a reasonable explanation even if we
cannot observe firm-specific resources? Evidence shows that unobserved heterogene-
ity explains a large part of the variations in productivity [e.g., Bartelsman and Doms
(2000)]. This indicates that intangible assets are likely to be the main component of
firm-specific resources. Because intangible assets are, by definition, difficult to esti-
mate, an assignment model based on intangible assets must rely on perceived values.
How do speculative beliefs influence the persistence of variables? More importantly,
to what extent is the observed persistence influenced by the discrepancy between
beliefs and fundamental values? Because researchers disagree about the productive
importance of intangible assets [e.g., Bond and Cummins (2000) and Hall (2001)],
this question is important for understanding persistent inequalities in the era of the
knowledge economy.

To answer these questions and explain the observed persistent productivity dif-
ferences between firms, we propose a dynamic assignment model for the relationship
between the skills of workers and unobserved firm-specific knowledge, which we term
a firm’s organization capital.! There are three key assumptions in our model. 1)
Skills and organization capital are complementary inputs. 2) Skills are an input in
the accumulation of organization capital. 3) Although we cannot directly observe the
amount of firm-specific knowledge, we can infer it from the firm’s productivity. These
assumptions allow us to analyze how not only the assignment mechanism, but also

the discrepancy between beliefs and fundamental values influences the persistence of

'More specifically, we define organization capital as all types of intangible assets embodied in an
organization. It might consist of the organizational structure, daily practices, routines, information

held by an organization, corporate culture, reputation, and so on.



observed productivity.

The main logic can be explained as follows. If a firm’s organization capital is
believed to be high, this belief attracts skilled workers. On the other hand, because
skill is an input in the accumulation of organization capital, the employment of skilled
workers promotes the accumulation of organization capital. A firm that accumulates
more organization capital can be expected to improve its performance, which confirms
the perception that the firm has a higher level of organization capital.

We derive the dynamics of relative productivity, where relative productivity is
measured by the logarithm of the total factor productivity (TFP) relative to industry
and year averages. When assignment between beliefs and skills exists, the dynamics
of relative productivity is shown to exhibit a reversion to a firm-specific fixed effect
plus the expected relative productivity. As long as the adjustment of the expectation
is very slow, the expected relative productivity is not empirically distinguishable from
the unobserved fixed effect in the standard productivity dynamics regressions. In
fact, when productivity has no predictive power for organization capital, nobody can
update their beliefs. Therefore, the expected relative productivity never changes.
That is, it is shown that a fixed effect can be derived without any real heterogeneity
across firms.

In order to quantify the persistence of relative productivity, we measure it by
the correlation between current relative productivity and its lagged values. This
measure can be decomposed into two parts: the share of the variance of the long-
run average relative productivity in the variance of the relative productivity (the
between-to-overall variance ratio), which measures the permanent persistence, and
the correlation between the current deviation of the relative productivity from its
long-run average and its lagged values (within-correlation), which measures the tem-
poral persistence. The diversity of productivity can be measured by the variance
of the relative productivity that is the sum of the variance of the long-run average
relative productivity (between-variance) and the variance of the deviation of the rel-

ative productivity from its long-run average (within-variance). We derive analytical



predictions on each component. FExamining these predictions, we analytically and
quantitatively analyze the reason behind the persistence and diversity of productivity
differences.

Three analytical results are worthy of special attention. First, it is shown that the
within-correlation (i.e., the measure of the temporal persistence) is strongly influenced
by the correlation between the current expected deviation of relative productivity
from its long-run average and its lagged values (the measure for the persistence of
the expected deviation, hereafter). Theory suggests that the assignment between the
beliefs regarding organization capital and skills induces the persistence of the beliefs
that anchor the dynamics of relative productivity. The measure for the persistence
of the expected deviation captures the persistence of the beliefs through the proposed
feedback mechanism.

Second, we identify three main factors that can influence the persistence of the
expected deviation — the variation of skills, the difficulty in inferring organization
capital, and the variation of a firm-specific fixed effect. When the variance of skills
is high, the top organization has the greatest advantage because it can attract the
best workers, who can provide the firm with the best knowledge and promote the
accumulation of organization capital, which, in turn, helps maintain beliefs in high
organization capital. This effect increases the persistence of the expected deviation.
We measure the importance of assignment by the variation of skills because if there
is no heterogeneity of skill, the assignment problem does not exist.

There are two other factors. As we discussed before, if it is difficult to infer orga-
nization capital, people cannot change their beliefs. Because the assignment occurs
between the beliefs and skills, people’s beliefs can be confirmed by the assignment
of skilled workers who correspond to their beliefs. Therefore, the expected devia-
tion of relative productivity is more persistent. More interestingly, an increase in
firm-specific heterogeneity lowers the persistence of the expected deviation. If a top
organization already has a big advantage, the benefits from assigned skilled workers

can be small relative to what it has already. Hence, the temporal deviation from the



long-run average is expected to be short. Therefore, the persistence of the expected
deviation is small.

Third, among the three factors that we identify, we find that only an increase in
skill variation can unambiguously raise the persistence and diversity of productivity.
In other words, an increase in firm-specific heterogeneity may lower the persistence
and diversity of productivity. A rise in skill variation increases not only the per-
sistence of the beliefs, but also the impacts of the beliefs on productivity because
it makes it possible for a firm believed to have high organization capital to attract
more highly skilled workers. Both mechanisms amplify small firm heterogeneity and
increase the persistence and diversity of productivity. On the other hand, because a
rise in firm-specific heterogeneity lowers the benefits from assignment, the amplifica-
tion effect becomes smaller. Therefore, the persistence and diversity of productivity
might be reduced.

We use the theory to quantify the importance of three factors as a source of the
persistence and diversity of productivity. For this purpose, we calibrate parameters
so that the derived dynamics and the disparity of relative productivity is consistent
with observed dynamics and the diversity of productivities, using firm-level data from
Japan (the Basic Survey of Japanese Business Structure and Activities [BSJBSA])
between 1994 to 2004.

The calibrated parameters reveal that the implied variations of a firm-specific
fixed effect are very small. This means that the observed variations in productivity
differences can be explained without having large variations on the firm side. Based
on the calibrated parameters, we simulate our analytical correlation. It is shown
that the model can quantitatively capture changes in the correlation of the relative
productivity over time.

We conduct several counterfactual experiments. They show that if there was
no assignment problem, the correlation of relative productivity diminishes to less
than 10 percent after two years and the variance of relative productivity drops by 79

percent. On the contrary, even if there is no variations in the firm-specific factors, the



correlation remains about 34 percent after 10 years and the variance drops only by
15 percent. Finally, noisy information has only a minor influence on the correlation
and variance of relative productivity.

This result is less likely to be specific to Japan. It is also shown that similar
results can be confirmed by the analysis of labor productivity using an industry annual
dataset in COMPUSTAT covering 1970 to 2004. In sum, the quantitative exercises
repeatedly suggest that the assignment mechanism that causes the sluggish movement
of beliefs and a rise in the sensitivity of productivity to the beliefs has quantitatively
large impacts on the observed persistence and disparity of productivity; firm-specific
heterogeneity and noisy information have only modest impacts.

It has long been recognized that an individual firm possesses firm-specific knowl-
edge. Prescott and Visscher (1980) refer to this accumulated specific knowledge as a
firm’s organization capital. Recently, interest in organization capital has reemerged.
Jovanovic and Rousseau (2001), Atkeson and Kehoe (2005), and Samaniego (2006)
quantified the macroeconomic effects of organization capital. However, no paper
has addressed the question of why some firms succeed in accumulating organization
capital, whereas others do not. This is the main aim of this paper.

Unlike previous researchers, we model organization capital as a form of vintage
human capital. For any organization, ancestors determine a particular routine,
culture, and organizational structure that successors inherit and modify. Hence, the
workers employed in the past influence the organization’s future. This modeling
strategy allows us to investigate how the assignment of workers to organizations have
long-run effects on organization capital.

Positive assortative assignment models also have a long history [e.g., Becker (1973)
and Sattinger (1979)]. Kremer (1993) demonstrated that the model of positive
assortative matching among workers can explain a variety of evidence. Our model
conveys the spirit of Kremer’s (1993) idea in a dynamic framework; that is, current
skilled workers attract skilled successors.

Most assignment models are static and the distribution of assigned variables is



treated as given. Notable exceptions are Acemoglu (1997) and Jovanovic (1998).
Both authors examine persistent income inequality. Unlike them, we endogenize the
distribution of organization capital and examine persistent differences in productivity.

Learning is another important feature of the model. As Jovanovic (1982) ex-
plained, a firm gradually learns its own productive capacity. However, unlike Jo-
vanovic (1982), we assume that a firm’s productive capacity itself changes because of
investment in organization capital and idiosyncratic shocks that change the useful-
ness of the accumulated knowledge. Hence, even mature firms must continue to learn
about their capability. We suggest that this modeling strategy mimics the nature of
firms’ behavior in a changing and uncertain environment.

Although estimating organization capital is difficult, the key assumptions made
in this paper are broadly consistent with the evidence. First, evidence shows that
a productive organizational arrangement demands skill [e.g., Caroli and Van Reenen
(2001) and Bresnahan et al. (2002)]. This is consistent with our assumption of com-
plementarity between organization capital and skill>. Second, the evidence is also
consistent with the assumption that skill is important for the accumulation of orga-
nization capital. Evidence from Caroli and Van Reenen (2001) suggests that firms
need the intangible assets accumulated by skilled workers to make organizational
changes productive. In addition, evidence shows that the intangible assets accumu-
lated by skilled workers are an important determinant of technology adoption [e.g.,

Doms et al. (1997)]. Hence, the evidence consistently indicates that organization

2Recently, researchers have tried to find more direct evidence using matched employer—employee
data. Although controversial evidence has been found by some researchers (e.g., Abowd, Kramarz,
and Margolis 1999), other researchers have criticized the identification strategy used by these authors
(e.g., Bagger and Lentz (2007), Eeckhout and Kircher (2009)) and developed alternative methods
to examine empirically the positive assortative matching hypothesis in a labor market. Among
them, Mendes, Van den Berg, and Lindeboom (2007) and Lopes de Melo (2008) provided evidence
based on their methods that supports a positive assortative matching hypothesis. At least, there is
no evidence against a positive assortative matching hypothesis if observable characteristics are not

controlled for, which is more relevant in this paper.



capital, as modeled in this paper, plays an important role in improving productivity
by stimulating technological and organizational changes.

The paper is organized as follows. In the next section, we explain an intuition
regarding how persistent productivity differences occur. In Section 3, we set up a
dynamic positive assortative matching model between unobserved organization cap-
ital and skill. The existence and stability of a stationary distribution is proved.
In Section 4, we derive the dynamics of relative productivity and provide analytical
predictions. In Section 5, we calibrate parameters and conduct several quantitative
exercises, which produce the quantitative predictions of the model. In Section 6,
we summarize the results and conclude by providing three implications for empirical

research on productivity dynamics.

2 Intuitive explanation for the mechanism of the
persistent productivity difference

The persistent difference in productivity can be derived without any uncertainty.
Hence, it is instructive to start with the assumption of perfectly observable organi-
zation capital. In the next section, we extend the model to unobserved organization
capital in order to emphasize the role of beliefs .

The economy is represented by a continuum of workers and firms. The population
of both firms and workers is normalized to unity. Each firm has organization capital
of k7, and there is a set of firms, the total mass of which is also normalized to unity.
Suppose that In k7 is normally distributed with a mean of y,, and a standard deviation
of o, at the date t. Assume also that In¢; is normally distributed with a mean of
p, and a standard deviation of o, at any date. For simplicity, we assume that firms
and workers have reservation values of 0. Because the number of firms is the same as
the number of workers, nobody chooses the outside option and every agent can find
a partner. Hence, these assumptions make it possible to focus on the assignment

problem.



We focus on the positive assortative matching equilibrium. This means that

the top x percent of Inkf is assigned to the top x percent of Ing for any z. Let

® (-) denote the standard normal distribution. Given that = kg;“ °t and lnq;;”q are
distributed as standard normal variables, a positive assortative matching equilibrium
implies that:
In k¢ — X (Inky?) —
1—¢(M):1—¢<M),vmk§. (1)

O ot Oyq

where X (+) is a firm’s optimal policy function, which maps the space of organization
capital to the space of quality of workers. We will explicitly describe the firm’s
optimization decision in the next section, but whatever the firm’s decision problem

is, equation (1) states that the policy function must satisfy:

~ o o o o
X (Ink?) = = [Inky — 1] + g, VI K.

Oot
Note that a one percent increase in In k{ makes the firm employ ;—i percent more tal-
ented workers. That is, because of assignment, the benefits from having an additional
large In k{ depends on the variation of skill relative to the variation of organization
capital, g—oqt

The dynamics of organization capital is described by the following equation:
koo =B (k) () e,0< <1, v >0, (2)

where B, ¢ and 7 are constant parameters and &; is a random variable, which is
normally distributed with a mean of —%g and a standard deviation of o.. The
parameter ¢ measures the technological persistence of organization capital. Although
some organization capital depreciates, we assume that a fraction, ¢, of Inky can be
carried over to the next period.

Because Ing; = x (Inky) = Z* (Inky — p1,4) + 4y, in equilibrium, the dynamics of
organization capital can be written as:

kS, =InB+ ¢k + Ua—q(lnk’f—uot)+uq +e (3)

ot
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Because Ink{ and &, are normally distributed, Inky ; is also normally distributed.

Hence, the dynamics of u,, and o, can be derived from equation (3) as follows:

0.2
Hot+1 = In B + ¢:uot + 7“11 - 767 Oot+1 = \/ )‘?Ugt + O-ga

where \; = ¢+ % These two equations characterize the dynamics of the aggregate

state variables. By using the dynamics of ., equation (3) can be rewritten as:
In karl — Hot+1 = At (ln k‘f - lu’ot) + 8:7

where €] = ¢, + % is normally distributed with a mean of 0 and a standard deviation
of o.. This equation implies that when In k7 is larger than its industry mean, pu,,,
the fraction ); of this relative advantage is carried over to the next period. Because
persistence is only influenced by A;, we refer to this as the persistence parameter
in what follows. Note that the persistence parameter is composed of technological
persistence ¢ and persistence due to the assignment mechanism, :’Tioj It shows that
the larger the assignment effect is, the larger the persistence.

We can show that o, and pu,, globally converge to the stationary points, which

are denoted by 0, and pu,.. Then, the dynamics of organization capital are as

follows:
DInk} | = Ao DInk} + ¢, (4)
. oy 14(1-) ()
where DInky = Inkf — oo, Ao = ¢ + 22+ and Zom = — - Note

that 0, is not 0. Because o, is always positive, when o, is small, the assignment
effect, %Z, is large. Hence, a firm with a relatively large organization capital benefits
substantially. This mechanism increases o.;. Ultimately, o, does not converge to
0.
We can show that the persistence parameter, A\, is increasing in skill variation
o

relative to the standard deviation of random shocks, ~*, which measures the impor-

tance of assignment.

dAso :
Ao € (¢, 1), dT—q > 0, gllm Ao = 1. (5)

11



As the persistence parameter is always less than 1, equation (4) is covariance station-
ary. Hence, the correlation between current organization capital and its lagged values,

which is equivalent to the autocorrelation of D In k7 in the stationary environment, is
E[DInk{DInky_] j
= \_.

entirely determined by the persistence parameter A\, p,; = =

Note that if there is no shock, Z—: = oo and p,; = 1 for any j. When there
are no idiosyncratic shocks, the top organization always attracts the best workers,
who, in turn, equip the firm with the best knowledge. Hence, the firm remains
at the top and maintains exactly the same level of organization capital in the long
run. When we introduce idiosyncratic shocks into the accumulation of organization
capital, Z—Z < 00, a reversion to the mean occurs. Idiosyncratic shocks make changes
in rankings possible. A firm that receives a positive shock climbs the rankings, which
enables it to attract higher quality workers. This means that top organizations cannot
remain the best and might slip down the rankings.

The next section incorporates uncertainty into the model and formally defines the

equilibrium.

3 The Model

In this section, we explicitly describe the firm’s optimization decision and define the
equilibrium with unobserved organization capital. In addition, we add the time-
invariant component in organization capital and physical capital in the production
function. These factors are not necessary to describe the main logic of this paper.
However, as it is known that a fixed effect explains a large variation of the TFP
between firms, this is a requirement for a quantitative theory of the TFP dynamics.
We assume that a firm with the TFP A; employs physical capital k; and a unit
mass of workers® and produces output of 1 according to the production function

y; = Ask?, where § € (0,1). Because the total mass of workers is 1, we can alterna-

3A fixed amount of labor is used for production. As Lentz and Mortensen (2008) shows, it is
known that there is almost no correlation between labor productivity and labor inputs. Hence, as

our main focus is the productivity dynamics, this is a convenient assumption for a simple analysis.
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tively interpret y; (k;) as the output per unit of workers (physical capital per unit of
workers).
Assume that A; is a function of organization capital, k7, and the average quality

of workers, ¢;:
1 o

Ay =e"kiq), q = [/0 q]‘édj] : (6)
where ¢ > 0 and o < 1 are constant parameters and wu; is a firm-specific productivity
shock, which is normally distributed with a mean of —% and a variance of o2. We call
this shock, u;, noise because its only role is to make organization capital difficult to
observe. The range of the parameter « allows that each worker can be complementary
to each other. This assumption captures Kremer’s (1993) idea of team production.
Assume that organization capital has two components, Ink? = Ink° + In k¢,
where k°/ is a firm-specific fixed component and k¢ is a time-varying transitory
component. We assume that £°/ is known and perfectly observable, but that k¢
cannot be directly observed and must be inferred from the realizations of the TFPs.
When employment decisions are made, we assume that the TFP is not realized.
Hence, a decision must be based on a conditional expectation given the prior be-
liefs about the level of organization capital. We assume that the prior distribution
of In k¢ is normally distributed with a mean of %, and a variance of 02,. Then,
the prior distribution of In k¢ is normally distributed with a mean of y,, = Ink°/ +

p, and a variance of o%,. Hence, the expected output is E [yi|u.s, 0o, Inqs, ki) =

exp (,uot + ‘75” +¢Ylng + 6In kt>. Assume that a firm rents physical capital each pe-
riod at a rental price r. Then, it is easy to show that maxy, {E [y¢|for, Oot, In G, k] — 7k} =

(1 = 6) E [ye|thor> Tot, In q¢], where:

1) = 1 o2,
E [yt|:u’ot7 O ot In Qt] =1\ €XP —— | Mot + -+ w In qt | - (7)
r 1-96 2
As we implicitly assume that there is a risk-neutral representative household with a
constant discount rate, r is constant in the equilibrium. Hence, we take r as given.
Assume that a firm-specific fixed component of organization capital, In k°7f, is

0'2 .
normally distributed across firms with the mean —= and the variance afc. We also

13



assume the same transition equation (2) for the dynamics of the transitory component

of organization capital, In k. Then, the dynamics of In kY would be:
Ink} , =InB* + ¢Inky +yIlng + F + &, (8)

0.2
where F' = (1 — ¢) <1n kol + {) is normally distributed with the mean 0 and the

0.2
variance 03, = (1 — ¢)* 0% and In B* = In B— (1 — ¢) %-. The parameter F' represents

a firm-specific fixed factor in this paper.

In order to characterize a firm’s problem, we need to describe how a firm’s current
choice influences the beliefs regarding In k7. After the firm employs a worker, output
is proc21uced. From the realized output, the firm knows the TFP and, therefore,

ut+Ufu) . .
e( */k?.  Hence, a firm uses a signal, s, = Inky + u}, to infer Ink?, where

uy = U + % is normally distributed with a mean of 0 and a standard deviation of

Ou-

Because p 1 = E [Nk, |8t fiop, 0ot and ops1 = \/Var [In kg, 1 |St, Hogs Tot], the

dynamics of u,, and o, can be written as follows:

2

Yo = WB* + G I kS|Se, fioy, 0ot + I qe + F — a%, 9)
Gt = \JF (L —h)od + o2, (10)

where:
Elnky|se, ior, 00t) = (1 — ht)2,uot + hysy, (11)

Ou

hy = (Uo—t2 (12)
1 ()

Equation (11) shows that FE [Ink|s;, ti,;, 0ot i a weighted average of the prior

belief, u.,, and new information, s;, where the variable h; is the weight on new
information. ~ As shown in equation (12), h; is negatively related to o,. If the
variance of u; is large, it is difficult to infer In &7 from s; and, thus, a small weight is

placed on s;. In this way, the variable h; measures the reliability of new information.
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All firms are assumed to have the same o, at date t. However, the beliefs
regarding organization capital, p,,, differ between firms. Given that all agents in an
economy receive the same information, these agents hold the same beliefs about a
firm’s organization capital. That is, the beliefs regarding organization capital, p,,,
characterize a firm’s position in the economy. We assume that:

o2

(#ot? F) ~N (Mit? 0) ) . 9
COUﬂFt OF

COV,Ft

where ¢, and ait are the mean and the variance of p,, and cov,r; is the covariance
between p,, and F'. We consider the assignment between beliefs regarding organiza-
tion capital and the quality of workers. The wage function depends not only on the
quality of workers, but also on the aggregate state variables: pg,, 0., :0%, and cov,py,

o s - o e a
where ¢¢% is a prevailing standard deviation of Ink?. Let x; = (1%, 0, 0%, COUL )

!/
Assume that a firm faces a competitive wage function, w (In ¢, : x;). The profit max-

imization problem of a firm is written as follows:

1-0)E ,Oot, N —w(Ing;; : x¢) +
V(ﬂobaot;F:Xt) = max ( ) [yt’MOt t Qt] ( djt t) (13)

{Ing;e} 6 f Vv (:uot—i-la Oot+1, F: Xt+1) dFs (St|:u“ot7 Jot)
s.t. equations (7), (9), (10)

H§t+1 = f(x), Out+1 = 9 (%), Ugt+1 =m(x), COVLFt+1 = n (%)
1
where ¢, = [ fol qjo-‘tdj} “ and Ty (s¢|ps, 0o¢) is a conditional distribution function of a

signal s;, given p,, and 0., and functions f (-), g (-), m(-) and n (-) represent firms’
expectations about the transition of the aggregate state variables.

We examine a positive assortative matching equilibrium between beliefs regarding
organization capital, y,,, and a skill, In g;;. We first describe a candidate equilibrium.
Later, we prove that the candidate equilibrium exists. Let x (u,,; : X;) denote a policy
function of the problem (13). Following the argument in the previous section, the
policy function must satisfy the following:

X (for + %) = ;—; (Hor = tge) + Hgs Vot (14)
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That is, a firm chooses the same quality of workers in an equilibrium. Hence,
gt = X (for : X¢). Using equation (14), the dynamics of Ink{ and pu,, are described
by:

Inki, = InB*+¢lnkf+~ :_q(l’bot_uzt)—i_luq:|+F+gt
ut
* ° O'q e 0—? .
Hotr1 = In B +¢[(1_ht):uot+htlnkt]+,y O__t(/’bot_lu’ot)—i_:uq +F—?+¢htut
w

Using the two equations, ug, 1, 011, and cov,pi1 can be derived:

2
e * e g
Hot+1 = In B + ¢Mot + 7/"q - 767 (15)
Out+1 = \/)‘%tait + ¢*ho?, + 2110V, + O F, (16)
COVupts1 = A1COUyupy + o2, (17)

where \y; = ¢ + ZLZ is the persistence parameter when organization capital is unob-
17
servable.
We are ready to define a recursive positive assortative matching equilibrium be-

tween unobserved organization capital and skill.

Definition 1 A recursive positive assortative matching equilibrium between unob-
served organization capital and skill comprises values of X (1o = Xt), V (Lo, Ooty F 2 Xt),

w(lng :x¢), f(x¢), g(x¢), m(x) and n (x;) that satisfy the following conditions.

1. An individual firm solves its mazimization problem (13).

2. Equation (14) is satisfied to clear the labor market:

3. Expectations are rational: f (x;) = In B*+¢pgt+'yuq—§, g(x¢) =

m(xy) = \/q52 (1 —hy) (agt)2 + 02, n(xy) = Aicov,pe + 0%, where iy = ¢ +

5 and 0% = Opt.

16

)‘iait + ¢2ht (Ugt)Q

+2A1cov,py + 02F
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Because 0%, = 0, in equilibrium, o is used subsequently to denote the aggregate
state variable. Because the labor-market clearing condition and rational expectations
assumption determine the functions x (., : x¢), f (x¢), g (x¢), m (x;) and n (x;) by
construction, we need to find a value function and a wage function that are consistent
with the definition of equilibrium. The next theorem derives the value function and

the wage function. The proof of the theorem is provided in the Appendix.

Theorem 2 There exists a unique recursive positive assortative matching equilibrium
between unobserved organization capital and skill. At the equilibrium, a wage function

and a value function are solved by:

wq (1 —8) Eylx ' (Ing : x¢), 00, F

w(lng :x;) = | e (18)
Lo
)\ -~ /V (Mot+1; Oot41 * Xt41, F) dl’s (5t|X_1 (hl qt - Xt) 7Uot)
1t
1-0)F i|Mots Oo ,F
V (L, 0ot = Xg, F Z I _ 1)\1t+ - ( ) [yt+¢|olj t> Oot ]7 (19)
O pt+i

where:

a2, .
5 ¢:uq + /’Lgt+i + 0;+Z
6 1-3 1 Yoq . e
E [yt-f-i'/'bot?gth] = (;) exp + (1 + O ptti ) [E [Mot+i|ﬂot : F} - luot—i-i}

1-46 (1+Uijji>2
+TVG7" [ﬂ’ot+i‘00t]

and IT;_ 1>\1t+8 =L E [/j’ot+z|:uot ] —Horri = Ty Meior (Hop — Nfﬁ)*’Ziﬂ 2 Mprir
and Var [Not—o—i‘O—Ot] = Zrzl Hs;l )\it+i—s¢2h’t+i*7'o-gt+i—‘r‘

Note that the Ing; and V (1, 0o : X¢, F') are strictly increasing functions of p,,
and that w (Ing, : x;) is a strictly increasing function of Ing,. Moreover, we know
that capital stock, Ink;, is a strictly increasing function of u,, which means that
the firm believed to have high organization capital is large. Hence, the dynamics
for skills, wages, expected profits, and physical capital stock follow the dynamics of

ty- Although the main focus in this paper is the dynamics of the TFP, it is worth
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emphasizing that the theoretical predictions for persistence and correlation of these
variables are largely consistent with the evidence. For readers who are interested in
the persistence of other variables, we refer to Takii (2008).

Because In A; depends on Ink{ and x (u,, : X;), we first discuss the dynamics of

In kY and p,,. Using the equation (15), we can rewrite the dynamics of In k7 and pu,,

as follows:
Ik, — iy = Slnky —ul] + Zi (Hior — 1Gy) + F + €5, (20)
Hoty1 — N(e)t+1 = ohy [ln kf — MZt] (21)
+ {qﬁ (1—h)+ Zi] (ot — 1Ee) + F + dheu,

where ] = ¢, + %g is normally distributed with the mean 0 and the variance o2.
Equation (20) shows the dynamics of Ink{. The first term of equation (20)
is influenced by technological persistence, ¢. That is, if organization capital is
above average, the fraction ¢ of this relative advantage is carried over to the next
period. On the other hand, the second term is influenced by positive assignment. If
organization capital is believed to be above average, the firm attracts skilled workers

who help the firm to accumulate further organization capital. Note that when *

"
is large, the effect of p,, on Ink{ , is large. The firms with the largest p,, derive
the highest benefits from a large Z;:‘j because these leading firms attract the most
talented workers, who provide the firms with the best knowledge. Therefore, relative
advantages persist longer.

Note that equation (20) shows that the dynamics of In kY — p&, exhibits a reversion
to the established beliefs plus a firm fixed effect, Z;:‘tl (for — ps;) + F and the speed of
the reversion is influenced by the constant parameter ¢. Hence, assignment does not
influence the persistence of In k7 unless it affects p,,. More importantly, it indicates
that if p,, — pé, is persistent, the slow movement of p,, — u, plays a similar role to
an unobserved fixed effect.

The dynamics of pu,, — u, is depicted by equation (21). The first term captures

how new information influences the dynamics of beliefs regarding organization capital.
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Managers know that the fraction ¢ of current organization capital affects the next
period’s organization capital. However, current organization capital is not observable
and must be inferred from the current TFP. The high TFP can be the result of either
a large temporal shock, u;, or a high level of organization capital. Because managers
put a weight, h;, on new information, the fraction ¢h; of current organization capital
is believed to be translated into the next period’s level. New information incorporates
noise. Hence, the ¢h; portion of uy also influences the posterior beliefs. This effect
is captured by the third term, ¢h,u;, in equation (21).

The second term of equation (21) captures the effect of the prior belief on the
posterior belief. There are two separate effects. Because there is assignment between
the prior belief and worker quality, the higher that the level of organization capital
is believed to be, a priori, the higher is the quality of workers that the firm can
employ. Given that skilled workers help the firm to accumulate organization capital,
organization capital in the next period is believed to be high. This assignment effect
is captured by % in the second term. On the other hand, because the TFP provides
only noisy information about organization capital, a weight of 1 — h; is placed on the
prior belief. Because the fraction ¢ of current organization capital is translated into
organization capital for the next period, the fraction ¢ (1 — h;) of the prior belief
influences the posterior. Overall, the fraction ¢ (1 — h;) + Z;:Z of the prior belief
influences the posterior.

We can first prove the existence of a unique stationary distribution. The proof

of the proposition is provided in the Appendix.

Proposition 3 Suppose that ¢ € (0,1), 2+ € (0,00), o* € (0,00) and 2& € (0, 00).
There exists the steady state value of X;, which is denoted by Xo.. At the steady state,

the dynamics of an individual firm are described by the following vector autoregression

(VAR):

Ot+1 - MOt + F + €t7 (22)
0, e DInky F

where M = Tpwoo , 0, = , F = , & =
¢hw> (b (1 - hoo) + ;;LL; D:U’ot F
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&

Phoou;
functions n (+) and X (+,-) such that:

, DInky = Ink{ — pl, and Du,, = piy — pon,-  Moreover, there exist

hoo =1 <"—) € (0,1), (23)
oe
where 1’ (Z—Z) <0, limew_on (Z—:) =1 and limeu o7 (‘;—2> =0, and:
u 1—

% :z<&,U_,G_F) e o=, (24)

0 juco Oc Oc O¢ o T
where E1 (Z_Z7 Z_Za %) > O; E2 (%:7 Z_Za %) > O; E3 (Z_Z7 Z_:, Z_I:) < O, hmﬂ_)OE (Uq Zu IE

ime %q ou 9F\ — _1-¢

0, and hmiﬁooZ <JZ, uE) = e

Equation (23) shows that h. is negatively related to ou. If the standard deviation
of a noise term is relatively large, firms cannot learn much and h, is small. Because
equation (23) shows that h,, and 2* have a one-to-one relationship in the steady

state, without loss of generality, h., can be treated as an exogenous parameter.

Y0q
O oo

As we discussed before, the assignment effect is captured by . Hence, equation
(24) shows what influences the persistence through the assignment mechanism. First,
it shows that the large Z—Z induces a large ;’% This is the effect discussed in the
previous section.

oa

Second,

: L is increasing in 7. When information is noisy, rational agents ignore
oo €

new information and rely more on their prior beliefs to make inferences about the
current level of organization capital. Therefore, rational agents cannot change their
beliefs very much. This makes the variance of pu, small and, therefore, makes ;LL;
large. Hence, more noisy information is likely to increase the persistence.

Finally, when ‘;—’; is larger, the assignment effect is smaller. The large variation in

a firm-specific fixed factor, o is reflected by the large variation in beliefs regarding

organization capital, 0, in the long run. Therefore, it reduces the relative impor-

Y9q

oo

tance of assignment on the persistence,

This indicates that a rise in o may

not increase the persistence of organization capital.

20

o) 0 O¢



With some additional conditions, we can also prove global stability. The proof

of the proposition is provided in the Appendix.

Proposition 4 Suppose that ¢ € (0,1), 2+ € (0,00), >* € (0,00) and 7= € (0,00).

Suppose also that 74 2E < _ ¢*(A=¢)he

o 0e S WP (1-ho)]’ Then, the stationary distribution is globally

stable.

Owing to proposition 4, we presume that the productivity dynamics of the es-
tablished firms can be approximated by the productivity dynamics under stationary

distribution, which we assume in the next section.

4 Productivity Dynamics

In this section, we analytically examine how skill heterogeneity, noisy information
and a firm fixed heterogeneity influence the dynamics of difference in the TFP. Let
us define the relative productivity by DIn A; = In A; — F [In A]. The dynamics of the
relative productivity and its expectation in the steady state are derived from equation

(22), as follows:

At+]_ = MAAt —+ FA + Vi (25)
DIn A 1 -1 F
where A, = ! M4 = M+ g Fa=| "] v=
E[D1n Ay|p,,] a 1 -1 Fa
v
' , Fa = (1 + %) F and vy = € — ¢uj +uy,, is normally distributed with the
0 oo
. 14+¢%[1—hoo? 2 (_ | heo 201 2
mean 0 and the variance [—hw a-ha] | 7¢ (— [1—hoo +14+¢°(1 hoo)} au).
Comparing equation (25) with equation (22), we can point out an important
poq

difference: the parameter in equation (25) does not appear in equation (22). If

O oo
¥ is 0, equation (25) is equivalent to equation (22) except for the error term. The
Ypoq

O poco

parameter measures the static assignment effect that increases the sensitivity of
productivity to beliefs: if a firm is perceived to have large organization capital, it can

attract talented workers, which increases the productivity of the firm.
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The sensitivity of productivity to beliefs influences the dynamics of productivity
for two reasons. First, it magnifies the impacts of a firm-specific factor on the pro-
ductivity, Fqy = (1 + %) F. A firm with a large firm-specific factor is productive
not only because it directly improves productivity, but also because it attracts excel-
lent workers. In other words, a firm fixed effect in the TFP dynamics can already be
magnified by the assignment. Second, it magnifies the impact of a prediction error,
Y9 phoo [DIn Ay — E [DIn Ayp,,)].  When the realized TFP exceeds the expected

O oo

TFP, people update their beliefs. The updated beliefs attract better workers and

raise productivity in the next period.

Note that, similarly to the dynamics of organization capital, the dynamics of
relative productivity exhibits a reversion to the expected relative productivity plus
a firm-specific fixed effect, DIn A, = b;D1n A, + F; + v, where by = ¢ + %gbhm,
Fy = (;LL:O - %(bhoo) E[DIn Aylp,] + Fa. Hence, as long as E [D In A;|p,,] moves

slowly, it is difficult to distinguish the expectation from a firm-specific fixed factor.

We examine the properties of productivity dynamics in detail below.

Extreme Cases : It is instructive to start with the extreme cases in which there
is no assignment effect Z—Z = 0 and the information is perfectly noisy 7* = oo. The

following proposition can be easily proved.
Proposition 5 1. Suppose that Z—Z = 0. Then:

Dln At+1 = ¢D In At + F + (% (26)
E[DInAiilis] = GheoDIA +¢ (1= hoo) E[DIn Ayfpy] + F

22



2. Suppose that ov = 00. Then:

Dln At+1 = d)D ln At —|— (1 — ¢) E [D 1[1 At|/~1’ot] + Ut7 (27)
Y _1=¢
(1 * 7;’f+1) F
E[DInAip, = - , if op >0
1-¢
- (o 2%)
E[DInAip, = E[DnAplpyl, if op =0

Equation (26) shows that if there is no skill variation and, therefore, there is no
assignment problem, there is no link between expectation and productivity. Even if
people believe the organization capital in a firm is high, when there is no assignment
mechanism, there is no way that beliefs can influence productivity. That is, in order
for the expectation to influence real productivity, the assignment between beliefs and
skill is necessary.

Equation (27) shows that if A; does not contain any information for predicting the
level of organization capital, the expected relative productivity converges to constant
values, and the dynamics of relative productivity exhibits a reversion to the fraction
of the values. Hence, the expected relative productivity itself plays the role of an
unobserved firm-specific fixed effect.

When there is variation in the firm-specific fixed factors (o > 0), because the
factors are observable, the expectation is influenced by these firm-specific factors.
Therefore, the observed fixed variation coincides with the amplified firm heterogene-
ity.

More interestingly, even if there is no variation in a firm-specific fixed factor
(ocr = 0), beliefs can differ. Because there is no information to update beliefs, beliefs
never change and initial prior beliefs influence beliefs even in the long run. In this
way, the model can endogenize the fixed effect in the productivity dynamics without

any real firm-specific heterogeneity.

General Case: Let us examine a more general case. Suppose that ¢ € (0,1),
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DlIn AF

E [D 1I1 AtF'|ILLOt:|

where DIn Al = DInA; — F} and F} = 15\‘1 . Note that E[DInA;] = F}.

2 € (0,00), 7¢ € (0,00) and 2F € (0,00). Let us define Af" =

That is, F; measures the long-run average of the relative productivity and D In AF
measures the deviation of the relative productivity from its long-run average. Then,

the following equation can be derived.

Al =MAA] + vy, (28)

Let Ao and Mooy denote the eigenvalues of the matrix M#. Then, it is shown that
Moo = O + U%i < 1land Ao = @ (1 — hy) < 1. Hence, equation (28) is covariance
stationary. Note that A\, is equivalent to the persistence parameter.

In order to analyze the persistence and diversity of relative productivity, we mea-
sure the correlation between the current relative productivity and its lagged relative
productivities, pp, 45, and the variance of the relative productivity, Var [D1In A;]. It
can be shown that ppy, 4;, can be decomposed into the between to overall variance ra-

Var|F% . . I .
_VarlFi] which measures the permanent persistence, and the within-correlation
’ Var[D1n A¢]? ) ’

tio
PD1n aF;; Which measures the temporal persistence, and that Var [DIn A can be de-
composed into within-variance, Var [D In AF }, and between-variance, Var [F}], by

the following equations.

Var [F3] Var [F3]
FDn Aj Var[DIn A | PPu4fi ¥ Vo Dn A’ (29)
Var[DInA;] = Var [DInAl] + Var [F}] (30)

The following proposition is used to derive our theoretical predictions on the
persistence and the diversity of the relative productivity, DIn A;. The proof of the
proposition is provided in the Appendix.
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Proposition 6

)
Var[Fy] = ~— 2=/ +
2
b | () one)? o
Var [DInA]] = 5 +1 5 ;
122 hoo [1 = ¢° (1 — hoo)]
and
PDInAF; = ZPE[DInAF|u]j—1>
i—1
PEDIn AF|pj—1 = /\{oo’
. Var[E[DlnAfLuot]] Yo Var[E[DlnAfLuotH Var[E[DlnAf\potH .
where 2 = Aiog Var[DIn AF] +<1 + au_oi) Phoo |1 = Var[DIn A | and Var[DinAF|
(38 e
B A
14220} (4hoo)?

Proposition 6 shows that the measure for the persistence of the expected deviation,
PE[Dn AF|u)j—1, 1S entirely determined by the persistence parameter, Ajoo. It means
that A\, also measures the persistence of beliefs.

In addition, it shows that the between-variance Var [F’;] and the within-variance
Var [D In AF ] are influenced by Ao, = ¢+ U%i, which measures the persistence of be-
liefs, and the sensitivity of productivity to beliefs, ;%‘i It suggests that the variance
of relative productivity can be largely influenced by the assignment mechanism.

Finally, proposition 6 shows that the within-correlation is determined by the per-
sistence measure of the expected deviation pgpy, ar|,;—1 times a factor z.  The
influence of pgpi, ar|;—1 represents the importance of the persistence of beliefs
for the within-correlation. The factor z is constructed by the weighted average
of the persistence parameter, Ao, and the impacts of new information from In A;_1,

(1 + %) ¢h,, which changes the beliefs on organization capital and, therefore,

the assigned skilled workers in the next period. The reliability of the expectation,
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Var[E[DIn AF |1, ]]
Var[Dn AT |

, plays the role of a weight. This shows that, if the expectation is per-

Var[E[DIn AF |p,,]]
Var [D In Af]

fectly reliable, = 1, the within-correlation is entirely explained by the

Var[E[D lnAﬂ,uot]]
Var[D In Af]

persistence of beliefs, pp1, 4r; = Pppmar|y; = Meo- As far as <1,

new information has some values.

Knowing that Ajey = ¢ + 75 (ﬁ ou U—F) Yo _ ¥ (ﬂ oy j‘,—F) and hy, =

oe’ 0e? Oc oe’ og)

O¢

n ("—“), we can first derive the analytical predictions on the diversity of the relative

productivity. The following proposition can be easily proved.

Proposition 7 For any j

dVar [F}] > 0 dVar [F5] -0 dVar [F}] -0 dVar [F}]

T >0
di—z ’ dz- ’ dry ’ dip
dVar [DIn Af | dVar [D1n Af | dVar [D1n A | dVar [D1n Af |
5 > 0, e <0, > 0, >0
d>* dsE dry dy
dVar [? In A, - 0, dVar [D1n Ay -0, dVar [DlIn A] -0
dst dry dyp
Proposition 7 shows that, among Z—:, ‘;—: and (;—1:, only an increase in Z—Z, has

unambiguous predicted effects on Var [D1In A;]. Because the assignment magnifies
a small differences in a firm fixed effect, a rise in Z—Z increases the between-variance
and the within-variance, and, therefore, the overall variance.

In order to understand its mechanism, proposition 7 also provides the comparative
statics with respect to v and v, where the parameters v and 1 measure the importance
of skill for the accumulation of organization capital and for the current production,
respectively. The parameter v influences the persistence of beliefs, A\, = ¢ + ;LL;,
whereas 1 influences the sensitivity of productivity to expectation, j%‘i Therefore,
the comparative statics with respect to v and v are useful to understand the two
separate effects that the assignment mechanism has. Proposition 7 shows that,
regardless of the role of skill, the more important that skill is in the firm, the more
important is assignment, and, therefore, the more diverse is productivity.

Although an increase in 2 raises the between-variance, Var [F}], its effects on

£

the within-variance are ambiguous. Similarly, an increase in £ reduces the within-
€
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variance, Var [D In AF ], but its impacts on the between-variance are ambiguous.
One may be surprised by the fact that an increase in firm-specific heterogeneity may

reduce between-variance, Var [F}]. This is because an increase in Z& reduces -,
5 JLoo

and therefore, the dynamic assignment effect, 222 and the static assignment effect,

Op
"l’o'q
Opoo

Therefore, the amplification through the assignment is smaller, which may
offset the direct positive effect on Var [F7}].
Next, we derive the analytical predictions on persistence of the relative produc-

tivity. The following proposition can be easily proved.

Proposition 8 For any j

AP EDn AF |)j—1 APE(D I AF |)j-1 APE(Dn AF |)j-1 APE(D 1 AF |]j—1

0, > 0, <0, > 0,
7 dex, doE dy
Var [Fj] Var [Fj] Var [FZ]
dVaT[DlnAt] 0 dVaT[Dll’lAt] =0 dVa’r[DlnAt] =0
47 dy T Y '

Hence, there exists 7* such that for all j > j*

dlenAFj 0 dlenAFj>O dlenAFj<0 dlenAFj

) ) ) >0
o dg dor dy
and
d . d . d .
pDUlnA] S O, lenA] > 07 lenA] = 0.
dz dy d

Similarly to proposition 7, the proposition 8 shows that only an increase in ?
unambiguously increases the persistence of productivity after enough time has passed.
An increase in Z—Z not only increases pgipi, ar|,j—1, but also increases the between-
Var[F:‘]

to-overall variance ratio, VarlDTn A"

Because actual productivity is subjected to
temporal shocks, it can deviate from beliefs temporally. However, as time passes, an
increase in the persistence of beliefs dominates the temporal disturbance and increases
the persistence of productivity itself. This is what Proposition 8 says. Note also that
both v and 1 can increase the persistence of relative productivity. This indicates

that, although the assignment raises both the persistence of beliefs and the sensitivity
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of productivity to the beliefs, both influence the persistence of productivity in the
same direction.

An increase in ‘;—F and a reduction in Z* unambiguously reduce within-correlation,
Ppm AFj, because they lower the persistence parameter A;,. However, the effects on

Ppma; are ambiguous because the effects of 2& and 2+ on the between to overall
€ €
Var[Fjl]

variance ratio, VarDn A’

are ambiguous.

5 Quantitative Analysis

9q

In this section, we use the theory to quantify the importance of three factors, o

2, and Z* as the sources of persistence and diversity of productivity. Owing to

oe?

proposition 6, the measure of persistence and diversity can be derived as a function
of technological persistence, ¢, a measure of the accuracy of information, h.,, the

heterogeneity of a firm fixed effect, o, technological disturbance o., the measure

of a dynamic assignment effect, 2°%, which influences the persistence of beliefs, and

O poo
¢Uq

O oo

the measure of a static assignment effect, , which influences the sensitivity of
productivity to the beliefs. We identify these parameters to be consistent with the
dynamics and variations of the TFP of a firm and the ratio of the average wage to
the average labor productivity.

We constructed a firm level TFP, Ay, using BSJBSA from 1994 to 2004. BSJBSA
is based on a survey conducted by the Ministry of Economy, Trade and Industry
every year. The BSJBSA covers all the enterprises with 50 employees or more and
more than a 30 million yen capitalization that are at least partly engaged in mining,
manufacturing, wholesale and retail sales, and restaurant activities in Japan. Hence,
the data set contains all relatively established firms in these industries, which are
more likely to satisify one of our steady state conditions that o2 is constant for all
firms. Although we can obtain data for the publicly traded firms, many established

firms are not traded. Hence, our data set would be more appropriate for the analyisis

of the assignment model.
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A particular feature of BSJBSA is that it is a survey of firms, not establishments,
which are commonly used in the study of productivity dynamics. Because more
publicly accessible data is available at the firm level, it would be easier for people to
embrace their beliefs regarding the capability of a firm than their beliefs regarding
an establishment. In this regard, this data is more desirable for the analysis of our
model than is the establishment data available in other countries. More discussions
about data can be found in Matsuura and Kiyota (2004), Fukao and Kwon (2006),
and Nishimura, Nakajima, and Kiyota (2005).

In order to obtain a reasonable correlation measure, in our study, we retain only
the firms for which there are data available in all years. Because we are interested
in the assignment within an industry, we use industries that have more than five
firms for all years, where industries are classified by the three-digit industry code
in the BSJBSA. In addition, we drop the observations with nonpositive values for
value added, number of employed workers or capital stock. After these deletions,

our balanced panel data set contains 68,838 observations.

We estimate DIn Ay, by DInAj, = |lnys, — M} — 5 [mkft mpEa AN

me me

where y¢, and ky; are the value added per worker and the physical capital per worker,

respectively, in the fth firm in year ¢, and m; is the number of firms in the three-digit

industry in year t. The parameter 6 is calibrated by the average capital share EE[T[;kf ]t]
ft

)

which is 0.22*. Detailed data construction can be found in the Appendix.

o 2 2 Yo
L oo, 0, 02 and %—:} from the data,

O poo

In order to calibrate six parameters ¢,
we use several sources of information. The first source of information comes from

productivity dynamics:

Dln At = le In At—l + ng [D In At—1|/lot71] + FA + Vt—1, (31)

E[DInAdp,] = bsDInAy i +b,E [DIn Ay |py_] + Fa, (32)
where by = ¢ + ;”;o‘i¢hoo,b2 = 2% _ g%‘i¢hoo,b3 = dhoo + f;;qﬁhoo and by = by +

4This is between 0.20, calibrated by Atkeson and Kehoe (2005), and 0.25, calibrated by Samaniego
(2006).
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(by —bs). Given 222, we can choose ¢, 22
Opoo O poo

and h.,, which are matched up to
b1, by and b3. The second source of information comes from the between-variance,
Var (F}), and the within-variance, Var [D In AF ] We estimate these variances, and

use them to calibrate 0% and o2 using proposition 6. Finally, in order to calibrate the

static assignment effect, f:q , we take the expectation on both sides of equation (18)

oo

in the steady state. Using equation (19), we can obtain the following relationship:

Blwy] ﬁ( 7&)
’l/}O'q B (1-6) E[yt] 1+%
o Elwi]
T oo 1 = a5Em]

where Ao = ¢ + 22, the ratio of the average wage to the average labor productiv-
JLoo

ity, ]‘;[[1; Z}} is estimated to be 0.65 and we assume that g = 0.95. We can derive a unique

! /
closed-form solution of <¢, ;L;, P, 0%, 02, fﬂ) from <b17b2, by, Var (F3),Var [DIn AF] : Elw] >

€ oo 1_6)E[yt}

and find a one-to-one relationship between these estimates and the calibrated para-
meters.

In order to obtain information on by, by, b3 and F; from the data, we extract
information from the productivity dynamics equations, (31) and (32). First, we
estimate b3 and by, and construct E [DIn A;|u,,] by the following procedure. Note

that the following regression equation can be derived from equation (32):
DInA; =bsDIn A,y + b, E [DInAy_i|pyy 1] + Fa + @, (33)

where @w; = DIn A, — E [DIn Ay|p,,]. Assume that E [DIn A;_|py 1] = DIn Apy_s.
First, we estimate equation (33) using Allenano—Bover/Blundell-Bond Estimation,
although we exclude DIn Ay,_; where j > 3 from its instruments because, once
E[Dn At—j|M0t_j] j > 2 are controlled, DInAy_; 7 > 3 are not correlated with

DInAyg_y. It gives us 83 and 54, which are the estimated values of b3 and by. Sec-
SF DinAy—(bsDIn Ay _14+baE[DIn Ay 1iye_4]) )
- T . Third,

ond, then we construct FA by F’A =
we construct E [D In Ay, using equation (32) if E [DInA;_1|p,_] exists and set
(83 +E4> DInA,_, + Fy if E [DInAi1|pty_y] is missing.  Fifth, we repeat the

same procedure until the estimated F [D In At,1|u0t,1] converges to the assumed
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DInA; E[DInAy_1|ptpy_y] || # of Obs.
DIn A, 0.471% (0.013) 0.242% (0.026) 56322

DInAy 1 — E[DIn Ay 1|y # of Obs.
DInA, — E[DInAp,,] | 0.165* (0.040) 56322

Table 1: Regression Results
WC-Robust standard errors are reported in parentheses. *denotes significance at

the one percent level.

E [D In At_1|,uot71}. This process gives us the estimates of bs, by and Fy. Knowing
that A\ = b3 + b4, we estimate the long-run average relative productivity F’; by
= 1_(5#174)

Given the estimated value of F [Dln As|u,], we estimate by and by. Note that
the difference between equation (31) and (33) is just their error terms, v, ; and wy.
Although v,y = €/ | — ¢u;_; + uj is correlated with DIn A, ;, @, is not. Because
a large In A;_; not only indicates a large In k7 ; but also indicates a large temporal
luck w;_;, v;—; is correlated with DIn A; ;. When rational agents predict a future
In Ay, they efficiently utilize this information too. That is why the prediction error,

wy, is orthogonal to DIn A; ;. In other words, b3 is a biased estimator of b;. This

difference is more accurate when we subtract (32) from (31):
DInA;, — E[DIn Ay|piy] = b5 [DIn Ay 1 — E [DIn A1 |pty_y] ] + ves, (34)

where b5 = by — b3 = ¢ (1 — hy). That is, a large difference between b; and b3
indicates a small h.,. Using this equation, we can identify 51 = 53 + 55. From the
theoretical restriction on parameters, we can identify by = by — 135.

We estimate equation (34) by Allenano—Bover/Blundell-Bond Estimation pro-
vided that the error term follows a first-order moving average process because v;_; =
€f 4 — ¢ui_y +u;. As instruments, we use DlIn A; 5 for the difference equation
and DInA; 5 — DIn A;_3 for the level equation rather than the standard lagged

variables because the standard instruments can be weak. The reasons relate to
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b Yoq o 0.% o2 Yoq

O joco £ O 00

0.298 | 0.415 | 0.447 | 0.001 | 0.019 | 2.535

Table 2: The Calibrated Parameters

the specific structure of the equation (34). If information is nearly perfect, then
by =~ bs and, therefore, the lagged variables are less likely to be correlated with
DInA;y — E[DInAy_1|pg_q]-

In fact, the theoretical predictions on the correlations of relative productivity are
independent of the choice of bs. In order to understand the reason for this, consider

Var [F;;]
Var[Dln A¢]?

and A\, is identified by ?)3 + 34; z is determined by (1 + ;%i) Oheo = ?)3 and Aioo;

Var|F} . L. . A . ~
W[hﬂxt] is taken from the data. Hence, it is determined without knowing bs.

proposition 6. It shows that the correlation is decomposed into A1, z and

and
However, the choice of b may change the results of our counterfactual exercises. It
turns out that the most of our quantitative results are not sensitive to the choice of
135. We discuss this issue in detail later.

Table 1 reports the results from the regression equation (33) when the estimated
E[D1n Ay|p,,] converges to the assumed E [D ln A;|p,,] and the results from the re-
gression equation (34). Table 1 shows that, after controlling for current relative
productivity, the constructed belief about relative productivity continues to influence
relative productivity in the next year. Note that E [D In Ay 4] ,uot,l} is constructed
from past observations. Our regression results are consistent with the hypothesis
that people learn about a firm’s capacity from its past performance and form beliefs
that influence future performance. Table 1 also indicates that we cannot perfectly
infer the level of organization capital from the TFP.

Using our estimate, we can calibrate our structural parameters. Table 2 reports
our calibration results. It shows fairly low values of 0% and 02, 0.001 and 0.019. Note
also that the implied values of the variation of a firm-specific factor are smaller than
that of transitory shocks 0% < o2. As shown in Table 3, our estimates of Var (F})

and Var [D In AF ] are 0.171 and 0.064, respectively. It indicates that the relatively
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Figure 1: The Persistence of Relative Productivity Between Firms

large between-variance of In A; can mostly be explained by the amplification though

assignment. We use these calibrated values to examine the predictions of our model.

Persistence and Disparity of Productivity: We compare the predicted correla-
tions with the correlations observed in the data. Our measures of correlation and vari-
ance are constructed by using equations (29) and (30), where Var [F;], Var [D1n Al
and pp, 4r; are constructed by the sample variance of ﬁj{ and DIn A; — Fjl and the
simple correlation of DIn A; — I:’j and DIn A, ; — Fj, respectively. Our theoretical
counterparts are constructed by using proposition 6.

Figure 1 summarizes the results of our simulations. Figure 1 shows that the pre-
dicted correlation sequence almost perfectly explains the overall movement of actual
correlation. We use this model to conduct several counterfactual experiments.

We first ask “What would happen, if there were no assignments in the economy
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Figure 2: The Decomposition of the Role of Assignment on the Persistence

(g—: = 0)?” This experiment can be done by assuming that ;LL; = ;/%‘i = 0 and the
other parameters are constant. Figure 1 shows that, if Z—Z = 0, the correlation of
relative productivity diminishes to less than 10 percent after 2 years. That is, the
relative temporal advantages disappear quickly if there are no benefits from positive
assignment.

We also conduct an experiment involving no variation in the firm-specific factor

Z—f = 0. When C;—f =0, U‘;‘; becomes larger. This indirect effect is also computed
using the equations in the proof of proposition 3. Compared to the case of Z—Z =0,
the reduction of the correlation is slow. The correlation of the relative productivity
is about 34 percent even after 10 years. This indicates that the assignment effect

seems strong even without firm heterogeneity.

In addition, we ask “What would happen if ‘;—: = 0?7”. When ;’—Z =0, heo =1

and -~ becomes smaller. In the same way as the case of Z& = 0, these combined
JLoo €

effects are reported in Figure 1. It shows that an improvement in information causes

only slight changes in the persistence of productivity.
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To understand the impacts of assignment on the persistence, Figure 2 decomposes

O oo

the effect of assignment into the dynamic effect, v = 0 ( ), which influences
the persistence of beliefs, and the static effect, ¢» = 0 (% = 0), which influences
the sensitivity of productivity to beliefs. It shows that both the dynamic effect and
the static effect have sizable impacts on the persistence. However, the compounded
effects are much bigger, which explains large reductions of the persistence found in
the model without assignment in Figure 1.

Table 3 shows an alternative decomposition, which assists in understanding our
quantitative result’. When there is no assignment, not only A, drops by 58 percent,
from 0.713 to 0.298, but z also drops by 75 percent from 0.547 to 0.136. Both effects
explain a rapid reduction of the correlation in Figure 1. No assignment also causes

Var [FZ]

VarDn A’ from 0.73 to 0.05. This explains why a reduction in

a large reduction of

correlation in Figure 1 is so large. Table 3 also reveals the reason behind a change
Var[FZ]

VarDT A" Although no assignment reduces within-variance, the reduction of

in
between-variance is more drastic than that of within-variance. Table 3 shows that if
there is no assignment, the between-variance drops by 99 percent. It indicates that
the most of between variations can be explained by the amplification through the

assignment mechanism.

Table 3 can also show the impacts of y = 0 (> = 0) and ¢ = 0 (% = 0) on the

Tp

Y%q
O poo

persistence. First, the lack of the dynamic assignment effect, = 0, reduces Aioo
and z, which causes a rapid reduction of the correlation shown in Figure 2. Second,
although the static assignment effect cannot influence A\, it can greatly influence
z. A reduction in ¢ lowers the impact of changes in beliefs on productivity, which

reduces not only the importance of new information, (1 + ;/’ﬂ) ohs, but also the
oo

Var[E[DlnAﬂ,uot]]
Var [D In Af]
initial decline exists when 1 = 0 in Figure 2. Third, it also shows that although

reliability of beliefs, Both reduces z. This explains why a big

5Note that as o and o, are chosen to meet between- and within-variances, the benchmark values

of the variance are the same as the statistics constructed from the data.
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Moo | 2 % Var [DIn 4, | Var (F}) | Var [DIn Af]
Benchmark | 0.713 | 0.547 | 0.729 0.234 0.171 0.064
Z—Z =0 0.298 | 0.136 | 0.049 0.047 0.002 0.045
v=0 0.298 | 0.437 | 0.343 0.083 0.028 0.054
=0 0.713 | 0.153 | 0.231 0.059 0.014 0.045
L =0 0.938 | 0.875 | 0 0.198 0 0.198
=0 0.703 | 0.810 | 0.726 0.212 0.154 0.058

Table 3: The Decomposition of Persistence and Variance

both the lack of the dynamic effect (;%‘i = () and that of the static effect (;%i =0)
Var[FZ]

VarlDTn AL the compounded impacts are much greater. These

have sizable impacts on
observations confirm that the large impacts of assignment on the persistency can be
generated by the combinations of both the slow adjustment of the beliefs and a rise
in the sensitivity of productivity to the beliefs.

Var [F,ﬂ

y m = 0. HOWGVGI', )\100

When there is no firm heterogeneity, by definition
and z increase to 0.938 and 0.875, respectively. This is because a reduction in ‘;—f

and the static assignment effect, Ly

oo oo

increases the dynamic assignment effect, 2>

It explains why a reduction in 2% brings about a slow reduction of correlation in

5

Figure 1.
Var [FZ]

Var[DTn A7) do not change

Finally, even if information is perfect, o =0, Ao and
much. This explains why an improvement in information does not change the persis-
tence of productivity in Figure 1 very much. Note that because the TFP is realized
after the employment decisions, even if the information contained in the TFP is per-
fect, the assignment must rely on the beliefs. Small changes in A\, suggests that,
even when the TFP is perfectly informative, the slow adjustment of beliefs can be an
important factor for the persistence of productivity dynamics.

Table 3 can also provide information about how each factor influences the overall
variance of relative productivity, Var [D1In 4;]. When 7¢ =0, Var [D In A;] drops by

79 percent, from 0.234 to 0.047. Table 3 shows that the strong reduction of between-
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variance is the main reason for this large reduction. Table 3 also suggests that,
similarly to the effect on the persistence, although both v = 0 and ¥ = 0 have large
impacts on the reduction in overall variance, the compounded effect is bigger.

On the other hand, when 2 = 0 or 2* = 0, a change in Var [DIn A;] is small.
A small reduction of overall variance under (;—1: = 0 is surprising. When ‘;—1: =0,
Var (F%) = 0 by definition. Because a reduction of °F increases the persistence
parameter through the dynamic assignment effect, Ao = ¢ + ;’% and the static

Y99 it greatly increases Var [D In AF } A rise in the within-
O oo

assignment effect,
variance mostly offsets the reduction of the between-variance. It indicates that if the
assignment mechanism is important, reducing the variations in firm-specific factors

does not change the disparity of productivity very much.

The Robustness of the Results: Our results are fairly robust. Table 4 provides
a summary of our robustness checks. More comprehensive results for the robustness
checks are reported in the Appendix 2.

First, we examine how much the results are sensitive to changes in b;. The theory
predicts that the possible range of b5 is between 0 and % + by. When b5 is 0,
by = bs. In this case, the TFP can perfectly predict organization capital, ‘;—Z = 0.

When b5 = % + by, (;Y:; must be 0. That is, skill does not have any impacts

on the accumulation of organization capital. In order to obtain the robust rsults,

% + bs — 0.001. Our benchmark estimate is located between

we set max bs =
these values.

Table 4 shows that most of the important results are insensitive to changes in
bs. Assignment has large impacts on the persistence and diversity of the relative
productivity. The impact of the noisy information on the persistence and the diversity
of relative productivity is minor. A change in firm heterogeneity does not change
the diversity of relative productivity very much.

The reason is as follows. Note that when b5 is set at the minimized (maximized)

value, by is set to be the maximized (minimized) value, which largely influences our
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min bs | min by max bs | max by COMPUSTAT | COMPUSTAT
Statistics | ppiuas | Var [DIn Ay | ppiuas | Var [DIn Ay | ppinys Var [Dlny]
Benchmark | 0.767 | 0.234 0.767 | 0.234 0.619 0.423
o 0.067 | 0.049 0.121 | 0.049 0.027 0.128
vy=0 0.282 | 0.075 0.766 | 0.233 0.168 0.188
Y =0 0.396 | 0.073 0.122 | 0.049 0.209 0.154
E =0 0.692 | 0.191 0.222 | 0.193 0.510 0.372
=1 0.767 | 0.234 0.710 | 0.270 0.628 0.400

Table 4: Robustness of the Results
The benchmark value of Var [D1In A4;] is the same as the estimates from the data by

construction. The benchmark of pp ), 45 is almost the same as the estimates from

the data (pp, 45 = 0.767 by BSIBSA, ppy,,5 = 0.637 by COMPUSTAT).

Y9q
Opoo

calibrations of

As workers can contribute to the firm by increasing output
and /or increasing organization capital for the future, if there are no investment effects
of skill, v = 0, skilled workers should be extremely productive for current production
in order to be consistent with the data. Otherwise, firms would not pay observed high

wages for workers ((155[)“’ é][yt] = E[yﬁ[i”:g[k] = 0.83). This effect offsets the lack of the

dynamic assignment effect. That is why a change in b5 causes sizable changes in the
impacts of ¥ = 0 and ¢ = 0 on the persistence and diversity of relative productivity.
in Table 4. This argument indicates that, even if one has an extreme view that
skilled workers are not important for the accumulation of knowledge in a firm, the
strong impacts of assignment cannot be rejected.

There is one exception. — Table 4 shows that the impacts of 75 = 0 on the
persistence of relative productivity can be sensitive to the choice of bs. When b5 is set

at its maximum value, Z& = 0 results in pp, 45 = 0.222, which is significantly smaller

Oe

Yoq
O oo

than in other cases. In this case, because is assumed to be almost 0, A\, ~ ¢.

This means that a reduction of firm heterogeneity does not increase \;,,. Because

ZE — () means Var|F3]

o VarlDIn A — 0 by definition, the correlation of relative productivity
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should drop. However, note that, even in this extreme case, after five years, the lack of
assignment still has larger impacts on the reduction of the correlation, pp, 45 = 0.121.
That is, we cannot change the conclusion that a reduction of assignment effect has
more drastic impacts on the persistence than that of firm heterogeneity, at least in
the short run.

We also conduct robustness checks using an alternative dataset. It is well-known
that the Japanese economy suffered from a large productivity slowdown during the
1990s [e.g., Hayashi and Prescott (2002)]. Although the previous literature reveals
that, similarly to other countries, the productivity differences in Japanese firms were
large and persistent in this period [e.g., Fukao and Kwon (2006)], the literature also
found that, during 1997, relatively productive firms exited from the market more
than did unproductive firms, which is unusual [e.g., Nishimura, Nakajima and Kiyota
(2005)]. Ome may wonder whether this influences the results of this paper.

In order to examine this possibility, we use a COMPUSTAT dataset containing
data between 1970 and 2004. Because most of the companies in COMPUSTAT do
not report labor costs, we are not able to construct the TFP. Therefore, as a proxy,
we measure the labor productivity by sales per employee. For this exercise, we use
a three-digit industry code to obtain enough firms in an industry and retain firms
with more than 10 observations and industries that have more than five firms for
all years. We also delete observations with nonpositive values for sales, number of
employees or expenses (= Datadl+Datal89 in COMPUSTAT). This leaves 84,686

observations for our analysis. We set 6 = 0.25 and % = 0.63 °. Using the same

SThe number § = 0.25 is taken from Samaniego (2006) and % = 0.63 is estimated by applying

the method used in Takii (2008). It turns out that 0.63 is the value for the labor share used in
Samaniego (2006).

Note that % can be still used for our calibration although we use sales per employee as a
proxiy of labor productivity. In order to apply our method to the dynamics of sales per worker, we
implicitly assume that a firm can employ physical capital stock and intermediate goods after the TFP

is realized. Assume that the production function is y; = A;k? mf’", where m; is intermediate goods

and the price for the intermediate goods is p,,. After optimally choosing the intermediate goods,
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procedure as before, we obtained parameters. Table 4 reports the summaries of our
counterfactual experiments using COMPUSTAT. As it shows, the overall result is the
same. It indicates that our results are less likely to be subject to the Japanese-specific
environment.

In summary, these exercises consistently suggest that positive assortative match-
ing accounts for a large component of the observed persistence and disparity of a
firm’s relative productivity, and the large impacts of positive assortative matching
can be explained by the compounded impacts of the slow adjustment of beliefs and

an increase in the sensitivity of productivity to beliefs.

6 Conclusion

In this paper, we developed a dynamic assignment model between the skills of workers
and unobserved firm-specific knowledge, which we term a firm’s organization capital,
to account for observed large and persistent productivity differences between firms.
We can analytically show that when the assignment between the beliefs regarding or-
ganization capital and skill exists, the slow adjustment of unobserved heterogeneous
expected relative productivity can play a role similar to an unobserved fixed effect in
the productivity dynamics. Our quantitative exercises suggest that the assignment
mechanism that causes the sluggish movement of beliefs and a rise in the sensitiv-
ity of productivity to the beliefs have quantitatively large impacts on the observed
persistence and disparity of productivity. In contrast, firm-specific heterogeneity and
noisy information have only modest impacts.

At this point, it is appropriate to discuss how friction may influence the results

in this paper. Frictions such as search costs and training cost cannot themselves

Sm

. o~ * * —b6m ~ 1
the production function is expressed as y; = a:e“‘k:fq;b kY, where z = (Z—M) e , ke = (kg)T=om |

m

Uy = 74—, Y" = 1_1/; and §* = 1_‘56 . Hence, what we need to calibrate is w;ﬂ, but not %
Because the value added is proportional to sales under the Cobb—Douglas production function, our

estimate provides the moment we need.
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explain large productivity differences, but they can certainly act as an additional
source of persistence in our model. However, they may induce the opposite effect,
too. As suggested by Acemoglu (1997), a frictional economy increases mismatches’,
which reduces the persistence of productivity. Hence, the overall effect is uncertain.
More interestingly, these frictions are likely to interact with the positive feedback
mechanism proposed in this paper. Although we cannot predict the consequences of
all possible interactions, the previous literature suggests that there may be multiple
equilibria [see the survey by Burdett and Coles (1999)]. This means that small
changes in skill variations might have more drastic impacts on the persistence and
diversity of productivity. This is an interesting topic for future research.

As a final point, we emphasize that the implications of the obtained results offer
quite valuable lessons for the empirical studies of productivity dynamics. We provide
three implications. First, large persistent productivity differences cannot be taken
as evidence of large firm-specific time-invariant heterogeneity. There may not be a
positive link between the persistent productivity differences and large firm hetero-
geneity and, even if the link exists, it can be quantitatively small. Second, empirical
research on the persistent productivity differences must seriously take into account
the effect of assignment. Our analytical and quantitative results suggest that the
mechanism of assignment influencing the persistence and diversity of productivity is
really complex, but all effects move in the same direction and the compounded ef-
fects are huge. Therefore, the cost of ignoring the assignment mechanism cannot be
negligible. Finally, if one could not suitably control the expectations on the firm’s
capability in the productivity dynamics, researchers might encounter difficulties in
finding causal reasons for persistent productivity differences. In order to construct
suitable expectations, our derived productivity dynamics can be useful.

Hopefully, these suggestions can assist in advancing research on productivity dif-

ferences.

"Training cost also causes mismatches when the results of training are uncertain.
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7 Appendix
The Proof of Theorem 2: Consider a mapping, T’

TV = max (1 - 6) E [yt|:uot70-0t71nqt] —w (ln q: - Xt) 7

e\ 4B [V (tors1> Oorar = Xer1, F) dTs (Sel s, Oot)

O\ 1-° 1 0'3
E [yilttors 00 Inqr] = (;) P15 (Not + 7t +ln Clt) ;
2

o
Hoty1 = lnB*+¢[(1_ht)/iot+ht8t]+71th+F—7€

Suppose that the value function and the wage function are represented by equations

(19) and (18). Define:

MPQ (,uota Oot, In qt) =

dFS (St|:uota aot) :

d (1 — 6) E [yt|luot7 0(2)t7 In qt] av (:uot—l-l? Oot+1 * Xt41, F)
+5
dlng, dln g

Then, we can derive:

o
w' (Ing : x4) = MPQ (J—“t (lnqt — uq) + ,uit,aot,lnqt) )

q
Hence, when a firm is endowed with p,, = ‘;—’j (ln qr — uq) +pg,, it can equate the mar-
ginal cost of Ing;, w’ (Ing; : x;) to the marginal benefit of Inq;, M PQ (tpp, 0ot, In q1)
by choosing In ¢;. It is easy to check that:

aMPQ (Mot:o-ohlnqt)’ "
dlng, uot:%;(lnqt—uq)Jruit'

w” (Ingq; : x4) >

Hence, the objective function of the firm endowed with u,, = (;—f (ln qr — ,uq) + e, is

strictly concave in In g and x* (fy, 0ot : X¢) is a unique optimal decision. Using this
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policy function, TV can be rewritten as:
g e
TV = (1 - 6) E [yt’Mot7UOtv F] —w (O'_qt (Mot - ll’ot) + g - Xt)
w
+0 / V (Ltors1> Oots1 = Xea1, F) dTs (St ftor, o0t)

_ (1_5) [yt|#ot70-0t7F] + ﬁQb

4 (:U’ot—l—la Oot+1 * Xt41, F) dl's (St|ftors o)

Yo Yoq
1+ 2% ¢+ o
_ (1 —6) Eyelptor; oot, F Z (1= 0) E [Ysr14il ttos> Oot, F
- Yo 'Yo'q s=1 'Yo'q Yo
1 + O'HZ ¢ + out =0 ¢ + O pt+s 1 + U#t+f+i
_ (1-9F [ytl:ioﬁ Tot, F' + Z m_ Wq (1-6F [Z/t+iLMota Oot, F]
14— 14+ 9%
Ot ”““f“ ! T pt+j
o il—[] BQS (1 _6)E[yt+j|:uot70-0t7F]
- u:1¢ YO q 1 Pog )
7=0 Opt+u—1 O ut+j

where E [y¢|ttps, 0oty F] is defined in Theorem 2. Hence, TV = V.

Finally, we show that 3 7% I}, " B (1_6)E[y‘+i!ff1 o700l §s hounded. Because
Tpt+u—1 1+ T+
Mﬁ—?gq < 1, it is enough to show that lim;_ ., 04; > 0, and [Mot+i|lj’ot70-0taF}

Tpt+u—1

and Var [fop | ftoy, ot F'] are bounded. We first show that if 2« is finite or op > 0,
WM oo 0 gy > 0 and E [fop | fop, 0ot F] and Var [ppyiltter 0ot © F] are bounded.

For this purpose, the following lemma is useful.

Lemma 9 Lemma 10 For any o9, there is some t > 0 such that:

Y04+ OF
l1-¢
Proof. Suppose that the above lemma does not apply. Then, for allt >0, o, <

O-,ut =

YOq+oF

19 This means that:

1 _
COVyFp1 = ((b + a_) COVy Rt + o5 > <q§ + ¢ ) COVy Rt + o
pt ~Noo

Hence, there is some t such that:
0%

]

Yoq

< covupy < OO0 F.
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This means that:
oF . YOyq +oF

1—{¢+1f‘i’w] 1=¢

U#t>

Yoq

Contradiction. =

Lemma 11 Suppose ‘;—Z 18 finite or op > 0:

Y04
> .
Out = 1 ¢
Then:

Y0q
g > .

pt+1 1— ¢

Proof. Because Z—: is finite, it means that o, > 0 and hy > 0, and op > 0 means

that cov,pe > 0. Suppose that o, > % Then

2
o o
Out+1 = \/<¢ + M) o+ ¢*hyo?, + 2 <¢ + u) covupy + 0%

Out Ot
V04

1— 6

Yo

1 9 + 04 =

> gbo—ut +/70-q Z ¢ ¢

As lemmas 10 and 11 show that if o is finite or o > 0, there is a 7 such
that o, > % and, therefore, ¢ + Z;:‘t’ < 1fort > 7. Hence, limj o 0uet; > 0,
and E [yl fops Ot F'] and Var [po, | pos, oot, F] converge to finite values. Next,
suppose that 2+ = oo and op = 0. Then, Var [orsiltors Oot, F] = 0 and 0,45 =
@0 yt+j—1 +04y. This means that o,y ; = ﬂ%‘iaﬂ—{—#aut and lim;_, 0y = % >
0. Hence, it is enough to show that E [,uot villbors Tot, ' } is bounded. We define

D; = 1T (¢+ ﬂ) .

O pt+ax

Note that if D; is bounded, E [,uot il bots Tot F} is bounded. Hence, we need to prove
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that D; is bounded.

i Yo
D; = Hzlo{qb—k s g },

50+ OO

Y0q

oqY + [1 — (gb + %)} oud"

Y B el b )
1—¢+‘%<¢—5—1)

= g1+ (p—1)|1—

Y

Note that for both 1 > ¢+ % and 1 < ¢+ %, the following condition is satisfied.
W

)
1—¢+(1—¢)(¢—5—1)

1-0i-(o+:2)
1—¢+%(¢%—1>

91— <mii{i-

Hence, it can be shown that:

i—1
o mafiew -2 - (022) )

i—1 i
< eXPZbe {<¢+?> —1} zexpll__q; Kqﬂiﬂ) —1} .
=0 pt

ut

This means that:

lim D; < exp

1—00 —

Hence, D; is bounded. Q.E.D.

The Proof of Proposition 3: In order to prove the existence of a unique stationary
distribution, it is enough to show that there exists a unique Xo = (155, 0 00s Tooo, COVUpFo),
where x., is the steady state value of x;. The steady state values of two variables
1o and o, are directly solved as follows.

o?

In B* +yp, — 5

Moso = - : (35)

2 o
= = 36
UOOO 1 o ¢2 (1 o hoo)’ ( )
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where:
o (0D @) ) (o)) e (o)
hoo =1 <_) B > (;—)2 |
(37)

Moreover, using (37), we can show that 7’ <"“> < 0, limew_o7n (f,—:) = 1 and

limew o n ("—“) = 0. Suppose that Moo = ¢ + 2L > 1. Then, cov,pe diverges
og O¢ O oo
and there is no stationary distribution. Hence, A1, = ¢+ ;LL; must be less than one
in order to guarantee the existence. Suppose that A\, = ¢ + (Zﬂ < 1. Then, the
oo

steady state value of cov,po is also directly solved:
o
COVproo = ——b. (38)

Moreover, using equations (36) and (38), o2, must satisfy the following:

,u
Uioo = )\?oo Zoo + qbghooagoo + 2X100COVFo0 + o2,
1 2hooo? 210002
_ . |: ¢2 € 1 F + 0'%7:| )
1-Xo l1=0"(1—hs) 11—

Rearranging this equation, we can derive:

AN ¢h s L (o) ()
- i ()]

O poo

DeﬁneD( Tu ) "m o*n(ZL) 4 <6Z1o>2)]2 (aF

) gg ) 0'57 aoe 'qu 1_452(1_77(%)) [1_(¢+%

We can show that D1< T U‘l UF) > 0, limi_,OD( 74 Gu 24 "’:) < 0 and

) I ?
Opco’ e’ 0c’ O oo
: 9q ou %99 OF
1m o 1—¢
—4 —TE <1_¢ Uuoo’ o) 0e? Oe
Erml

O oo

in {0, glFf7> and, therefore, Ao = ¢+°* 74 < 1. Moreover, as D2< Zu Zg ”—F> <

Opco’ 0e’ 0e? Oe
Iq

0,D3<gq u 7a "F) <OandD4("q

O-I,LOO7UE,UE7 O¢

o, oL —F)>O 21<?,Z—H,Z—F)>O,Eg<“—q u "—F>>

Opcc’ Oc’ o o:) o) o

0 and 3 (Z—Z Tu Z—j) < 0. Finally, using the results that limew _,, D ( 79 Zu 1% "F> =

) oe Opoco’ 0’ 0e ) 0Oc
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( ” )2 2 o 2 o o o

o .

——aues (2E) — (22) and limv, D%, %, 22 2E) = 4 we can show
)] - —0 o

{1_<¢+ﬂ Oe Oe Ouco’ 0¢’ 0’ o¢ oo
O oo

that limes 3 (ﬂ oy U—F) — 0, and limes o ¥ (”q oy UF) ~ ¢  Q.E.D.

0-54)0 oc) 0c) Oc oc) 0c) Oc

The Proof of Proposition 4: Because:

do 2t+1 2 2

_—otrl 1—~h c (0,1
do_gt ¢ ( t) ( ’ ) )
Hoso a0d 0o are globally stable. Define S, = 2=, Sp = 25, S, = 2ot S, = 2=

Yoq ’ Yyoq’
cov
and C; = o “?5. Then:
q

1
SMtJrl — \/(Qbsut + 1)2 + ¢2htS§t + 2 ((b + S_> Ct + S%,
ut
9 1
Ct+1 = EF + ¢ + E_ Ct-
ut

$2(1—-p)n( 22 (1-g)n(ge)s2

. £ op c ; ; oe
We will prove that if 7 are = (1 n(%))],or equivalently, if Sp < [1 F(on(2))]
Speo and Co, are globally stable.

Lemma 12 Suppose that for all S, C and t:

C

1
52 +o+ 5 <1

S

Then, a mapping of T such that:

\/(qssﬂ +1)2 4 62heS2 + 2 (gb + SA) O+ 52

2+<¢+s_1#>0

T(S,,C,t) =

18 a contraction mapping.

Proof. Define f () and g (-) :

/ (Suv C, t) = \/(Qbsu + 1)2 + ¢2ht <¢ + ) C+ Sz

9(5.,C) = i+ <¢+i)c
Su

o1



Take any (S,,C) and (S;L C").  Then, the mean value theorem implies that there

exists (S’H,C_’*), where S, € (SM,SL) and C € (C,C") such that:

o (65, +1) ¢ — & L+ E ,
F(Su,Ct)— f(S,,C'1) TG @p—@)+fzizf5aﬁ—cy
9(5,C*)—g(5,,C") = —% (SM—S;)+<¢+EL) (C—C.

Because we can show that:

max {| f (S, C,t) — f (S, C".1)|,]9(S,, C) — g (SL.C") |}

‘(¢s“+1)¢ +(+2)
< max £(Sus & t) » pmax {|S, -5 |}
if, for all S, C and t,:
(@S, + Do - G|+ (6+ &) c I
max +o+— 7 <1,
2, 27 o2 1 2 Sﬁ Sy
(¢Sﬂ+1) + ¢ htSot+2<¢+§)C+S
the mapping of T is a contraction. Next, we need to show that:
‘(¢SM+1)¢—S% +(¢+S—1) o .
Slm| oty
\/(¢Su+ 1)% 4+ ¢?hyS2, + 2 <¢+ Si#) C+ 52 H a
Suppose that (¢S, +1) ¢ > S—C;
(6S,+1)6— G + ( %)
¢@S+¢ + @Sy +2 (04 &) O+ 53

_ Su(mi) -5
V«¢+§ﬁ{%+¢%ﬁ%+20¢ %)0+52

1 C 1
< ¢+S— +o+ o

52 S,

m
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Suppose that (¢S, +1) ¢ < %

S-S+ 1o+ (o+4)
(65,4 1+ sy 2 (o
§+(0+3)

\/(¢SM +1)% + ¢%h,S2, + 2 (qs + %) C + S

< £+ ¢+i
52 Su)

n

<

c
Si

Hence, if for all S, C and t

+ ¢+ siu < 1, the mapping T is a contraction. =

Lemma 13 Suppose that S, > LtSp

1—¢ -
C 1
— —I<1
2 +'¢+Su <

Proof. Suppose that S, > lfr_sqf. Because SpS, > |C|,
1 Sg 1 C

1>+ —+= >0+ o+ | o

S, Sy Sy |82

Lemma 14 Suppose that:

O¢

T (o ()]

There exists a T such that, for all t > 7 if:

¢ (1—¢)n () S

14+ Sg
Syt > o
then:
1+ 8
S;Lt—i-l 1 _Qf-
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Proof. Because Cyy1 = S% + ((/5—1— S%t) C; > S + ¢C; and hyS?% converges to
n(ge)se

(2]’ there exists a T such that, for all t > T:

o' (2) 52 5
g (1_77(%:)) +2¢1 _F

Suppose that S, > 1;5;. Then, for allt > T:

S“t+1 > ((bS#t + 1)2 + + 5}2;1

¢

Sut-i—l >

2 ¢ (2 ) 52 2
<¢ﬁ ) + — <1<?7(%>> +2¢15;F¢+S%.

€

Rearranging the equation, we can obtain:

¢ (i—") 52 25

& <1—77<‘Z,—“;)) C(1-9)
¢*(1—-¢)n( 22 )S?

145
Because Sp < [ (1n(20))] Spt41 > T; [ |

[u—y
+
S
N———
+
—_
|

S,ut+1> (1_¢

Because Si; and, therefore, h; are globally stable, using lemma 10, lemma 12,

lemma 13 and lemma 14, the desired result follows. Q.E.D.

The Proof of Proposition 6:First, we derive a closed form solution of pp, 4r;
and later we discuss how we can derive a closed form solution of Var[F*] and

Var [DIn Af']. Because A = MAA[ | + v, 4,

B AT (A7) = (MY B AL (A7) = Tan ' TE AT, (AT)].

where:
( i ) ' ‘
PhooMoo + 22N 275 (Moo = Aioc)
oot L) [ e (Mo = M) FEEN + Bhoc i
A A Ohoo + JZ; . | —
+¢;ﬁ%hoo ()\3100 - /\%oo)
\ " 1 -1 J

o4



Note that E |AF, (AF)| = MAE (AF (AF)') + E (v;AF). As we can show
+

11 10
that £ (Af (AF )’) = Var [E [In Af |1,,]] LTV [In AF [1te] - and

—¢a? 0
E [Vt (AF ),} = o7 , it is shown that:
0 0

, 11
E [Agl (AF )} = MoVar [E [DIn AP |,,]] | ok <1 + w") Var [DIn A |1,,]

O oo

2

where we use a relationship m = 1 — he for this derivation. The rela-
n Ay ot

. : o2 B : : P o2

thIlShlp, m =1- h007 1S easﬂy pI'OVGd from Var [D In At |/“L0t:| = e the

derivation of which is discussed later. Now, we can derive the following:

( )

1
MoVar [E [DIn Af |11,] ]
. 1
AL (AL)] = M2

-~

1
1
+Phoo (1 + 3%) Var [Dn AF|p,,] [

Hence, we can show that:

pE[DlnAFm]j = )\jloo7
\ Var[E[DIn A |, ]]
10 Var[DIn AF] e
PDmmAFj = Var[E[DIn AF |1, ] loo *
Yo ar N Ay Kot
+¢h’oo <1 * UH_;) |:1 o Var[DlnAf] :|

Var[E[D In AﬂuotH
Var|Dn AF |

for

This shows that we need to know a closed form solution of

Ppmarj- Hence, the remaining tasks are the derivations of Var [E [D In AF| uotﬂ,

Var [DIn Af] and Var [F3]. As Din Af = [0k — i) — =5 |+ 225 [ — p16o0) — =5+

1— )\100 O poo 1_>\1c>o

u;, we can show that Var [E [DIn Al |p,]] = (1 + Y90 ) PheToce and Var [DIn Al |py] =

O poo 1— )\1::
Yog \2 2 2
1 ) ¢“hooo?

E [Var [DIn Af )] = % Using equation (36), Var [E [DIn Af|p,,|] = (1<’\§:3T1¢2(1h°°)]

and E [Var [DIn Al ||| = Because Var [DIn Al'] = Var [E [DIn Af |, ]+

hoo [17¢2€(17h00)} '
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ar n f ot UM,OO2
E[Var [DIn Al |py]], Y ‘[/i£l[jl;1nAA;‘]‘ J_ (1+M:q;;:2h2 . Because Var [DIn Af| =
O oo 00+1

1-22

Var [E [DIn Al |py]] + E [Var [DIn Af'|p,]], it is derived that Var [DIn AT =

_1+;bﬂ 2¢2hg° O¢ 2 : * 1+;¢"; *
< ‘12% + 1] m Flnally, because F* = 1_/\*1‘00 177 Var [F ] —
(+52)”

Ton? 0% and the desired results are derived . Q.E.D.

Data Construction: The construction of the value added and capital stock follows

from Matsuura and Kiyota (2004).

e ys:: The value added is defined by sales + an increase or decrease in inventory -
operating expense + labor expense + depreciation. The variable y, is estimated

by the value added divided by the number of workers.

o kg: According to Matsuura and Kiyota (2004), there are many missing values.

They suggested the following method.
Ky = Ko+ <[~(ft - f(ftq) /Pre, if Kpo> K

= Ky 1+ <Kft — f(ft—1> , if f(ft < f(ft—h

where K7, is teal physical capital stock,, K ¢ is the book value of tangible fixed
assets at year ¢t and Py, is an investment goods deflator. The equation assumes
that if K > K #t—1, we have net investment, but if K 7t < K ft—1, there is no

net investment.
e 7. The user cost of capital, ry, is estimated by the following equation:
re = Pr X (i + dep — gpit) )

where i; is the 10-year-bond yield, which is taken from the Bank of Japan, dep

is the depreciation rate of capital and g, = %. The depreciation rate
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is estimated by the sample average of D;—i’ft, where Depy, is the depreciation of

the fth firm in year ¢.

Summary Statistics: (The number of firms is 6265 for all years)

Y (nominal) | k # of workers Wiy (nominal)

Mean | Std. Dev. | Mean | Std. Dev. | Mean Std. Dev. | Mean | Std. Dev.
1994 | 7.297 | 11.85 9.829 | 15.40 621.4 2398 4.640 | 1.683
1995 | 7.664 | 5.249 9.978 | 17.06 611.9 2316 5.024 | 1.676
1996 | 7.978 | 6.791 10.24 | 17.04 610.0 2311 5.179 | 1.713
1997 | 7.824 | 8.389 10.54 | 17.01 613.0 2367 5.103 | 1.659
1998 | 7.483 | 4.917 10.92 | 17.48 608.3 2356 5.082 | 1.643
1999 | 7.660 | 5.978 11.18 | 18.59 604.8 2391 5.041 | 1.642
2000 | 8.144 | 7.624 11.41 | 17.25 605.4 2509 5.244 | 1.876
2001 | 7.775 | 7.150 11.80 | 17.87 588.2 2317 5.229 | 1.913
2002 | 7.860 | 7.185 11.88 | 17.81 586.2 2384 5.154 | 1.914
2003 | 8.036 | 11.18 11.83 | 16.50 590.6 2402 5.101 | 2.090
2004 | 8.337 | 15.76 11.84 | 15.91 604.8 2724 5.085 | 2.011
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8 Appendix 2: Robustness

8.1 Robustness Checks using BSJBSA

Calibrated Parameters using BSJBSA

6 |22 | he |03 |02 | iz
minbs | 0.185 | 0.528 | 1 0.002 | 0.044 | 1.547
maxbs | 0.713 | 0.001 | 0.113 | 0.0004 | 0.003 | 4.846

The Decomposition of Persistence and Variance using BSJBSA

Var[F;‘l]

Moo | 2 Voo | Var [DIn A | Var (F}) | Var [DIn Af]
Benchmark | 0.713 | 0.547 | 0.729 0.234 0.171 0.064
minbs | 7 = 0.185 | 0.185 | 0.067 0.049 0.003 0.045
v=0 0.185 | 0.418 | 0.282 0.075 0.021 0.054
Y =0 0.713 | 0.219 | 0.360 0.073 0.026 0.047
E=0 0.946 | 0.866 | O 0.191 0 0.191
=0 0.713 | 0.547 | 0.729 0.234 0.171 0.064
maxbs | ¢ =0 0.713 | 0.089 | 0.101 0.049 0.005 0.044
v7=0 0.713 | 0.547 | 0.727 0.233 0.170 0.064
=0 0.713 | 0.089 | 0.101 0.049 0.005 0.044
E=0 0.715 | 0.846 | 0 0.193 0 0.193
=0 0.713 | 0.808 | 0.633 0.270 0.171 0.099
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Correlation

Correlation

The Persistence of Relative Productivity
when bg is the Minimum Value

1.z

t ——data
N \Q\"‘.\\f——f—-—-ﬁ ~=-model

0.6
\ model without

assignment

0.3

——model without firm
heterogeneity

0.2

——model with perfect
information

Lagged Years

The Decomposition of the Role of Assignment on
the Persistence when bsis the Minimum Value

1z

——data

0.8 4T/

-=model

[R=)

model without
assignment

" K O ——model without the
= dynamic assignment effet

02 ——model without the static
assighnment effet

o 1 2 3 4 5 [ 7 ] El 10

Lagged Years
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The Persistence of Relative Productivity
whenbsis the Maximum Value

1.2

——data

-=-model

model without
. assignment
——model without firm
heterogeneity
o ——model with perfect
\\'\%\,ﬂ information

o 1 2 E 4 =1 =] 7 2 ) 10

Correlation

lagged Years

The Decomposition of the Role of Assignment on the
Persistence when bsis the Maximum Value

——data

-=—model

0.8

[xN=) \ R
model without
assignment

Correlation

0.4
\ ——model without the

s S ——— dynamic assignment effet

——model without the static
: assignment effet

Lagged Years
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8.2 Robustness Checks using COMPUSTAT

Regression Results using COMPUSTAT

DlnA; — E[D1n Ay|u,,]

DInA; E[DInAi1|py_y] | # of Obs.
Dln A, 0.531* (0.205) 0.182* (0.021) 74020

DinA;y — E [DIn Ay | g4 ] # of Obs.

0.044 (0.049) 74020

one percent level.

Calibrated Parameters using COMPUSTAT

¢ U%i hoo o2 o? j%‘i
Benchmark b5 | 0.220 | 0.493 | 0.798 | 0.002 | 0.096 | 2.025
min bs 0.193 | 0.520 | 1 0.003 | 0.121 | 1.757
max bs 0.712 | 0.001 | 0.121 | 0.001 | 0.008 | 5.146
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The Decomposition of Persistence and Variance using COMPUSTAT

Moo | 2 % Var [DInA;] | Var (F3) | Var [DIn Af]
Benchmark | 0.713 | 0.597 | 0.549 0.423 0.232 0.191
Benchmark bs Z—Z =0 0.220 | 0.177 | 0.027 0.128 0.003 0.125
v=20 0.220 | 0.460 | 0.167 0.188 0.031 0.157
Yv=0 0.713 | 0.207 | 0.165 0.154 0.025 0.129
E=0 0.889 | 0.814 | O 0.373 0 0.373
=0 0.708 | 0.682 | 0.551 0.400 0.220 0.179
min bs Z—s =0 0.193 | 0.193 | 0.030 0.130 0.004 0.126
v=0 0.193 | 0.454 | 0.158 0.186 0.029 0.157
Pv=0 0.713 | 0.230 | 0.190 0.161 0.031 0.130
Z—‘: =0 0.892 | 0.812 | 0 0.350 0 0.350
=0 0.713 | 0.597 | 0.549 0.423 0.232 0.191
max bs Z—: =0 0.712 | 0.096 | 0.047 0.129 0.006 0.123
v=20 0.712 | 0.597 | 0.548 0.421 0.231 0.190
Y =0 0.713 | 0.096 | 0.048 0.129 0.006 0.123
‘;—1: =0 0.714 1 0.810 | O 0.374 0 0.374
=0 0.713 | 0.805 | 0.416 0.558 0.232 0.326
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The Persistence of Relative Labor

Productivity Between Firms (COMPUSTAT)

Correlation

Correlation

1.2

\\ e

-=model
0.8
% model without
/ assignment
o \\ ——model without firm
< heterogeneity

o2 ——model with perfect
information

|

Lagged Years

The Decomposition of the Role of Assignment on
the Persistence (COPMUSTAT)

——data

R\
\\ x_ -=-model

e \\ ﬁ-m:: model without

assighnment

o ——model without the

dynamic assignment effet

0.2 e — > P —? =~ ——model without the static
assignment effet

Lagged Years
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Correlation

Correlation

The Persistence of Relative Labor Productivity
when bgis the Minimum Value (COMPUSTAT)

1.2

\ ——data

0.8

‘\\%\-% -=—model

0.5

' %':_: model without

assignment

04 \\ ——model without firm
heterogeneity

0z ——model with perfect

information

o 1 2 3 E s & 7 = El 10

Lagged Years

The Decomposition of the Role of Assignment on the
Persistence when bg is the Minimum Value (COMPUSTAT)

1.z

——data

\\ -=model
' \\ model without

assignment

o ——model without the
dynamic assignment effet
- - - - - —* ——model without the static

0.2

assignment effet

Lagged Years
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Correlation

Correlation

The Persistence of Relative Labor Productivity
when bs is the Maximum Value (COMPUSTAT)

1.z

——data

0.8
-=model

0.6 \\F\\ model without
_ assignment
o ——=model without firm
' heterogeneity
2 ‘ ——model with perfect
\\\A—\v information

Lagged Years

The Decomposition of the Role of Assignment on the
Persistence when bg is the Maximum Value (COMPUSTAT)

1z

AN T

0.8
\ -=-model
0.6
model without
assignment
o ——model without the
dynamic assignment effet

0.2 ——model without the static
L\'*M assignment effet

Lagged Years
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